Abstract. We present numerical upscaling techniques for a class of linear second-order self-adjoint elliptic partial differential operators (or their high-resolution finite element discretization). As prototypes for the application of our theory we consider benchmark multi-scale eigenvalue problems in reservoir modeling and material science. We compute a low-dimensional generalized (possibly mesh free) finite element space that preserves the lowermost eigenvalues in a superconvergent way. The approximate eigenpairs are then obtained by solving the corresponding low-dimensional algebraic eigenvalue problem. The rigorous error bounds are based on twoscale decompositions of H 1 0 (Ω) by means of a certain Clément-type quasi-interpolation operator.
Introduction
This paper presents and analyzes a novel numerical upscaling technique for computing eigenpairs of self-adjoint linear elliptic second order differential operators with arbitrary positive bounded coefficients. The precise setting of the paper is as follows. Let Ω ⊂ R d be a bounded polyhedral Lipschitz domain and let A ∈ L ∞ (Ω, R d×d sym ) be a matrixvalued coefficient with uniform spectral bounds 0 < α ≤ β < ∞,
for almost all x ∈ Ω. We want to approximate the eigenvalues of the prototypical operator − div(A∇•). The corresponding eigenproblem in variational formulation reads: find pairs consisting of an eigenvalue λ ∈ R and associated non-trivial eigenfunction u ∈ V := H for all v ∈ V . We are mainly interested in the lowermost eigenvalues of (1.2) or, more precisely, in the lowermost eigenvalues of the discretized problem: find λ h ∈ R and associated non-trivial eigenfunctions u h ∈ V h ⊂ V such that
Here and throughout the paper, the discrete space V h ⊂ V shall be a conforming finite element space of dimension N h based on some regular finite element mesh T h of width h. Popular approaches for the computation of these eigenvalues include Lanczos/Arnoldi-type iterations (as implemented, e.g., in [LSY98] ) or the QR-algorithm applied directly to the N h -dimensional finite element matrices. If a certain structure of the discretization can be exploited (e.g., a hierarchy of finite element meshes and/or spaces) some preconditioned outer iteration for the eigenvalue approximation may be performed and linear problems are solved (approximately) in every iteration step [Hac79] , [KN03b] , [KN03a] ; see also [Ney03] and [BBS08] and references therein.
Our aim is to avoid the application of any eigenvalue solver to the fine scale discretization (1.2.h) directly. We introduce a second, coarser discretization scale H > h instead. On the corresponding coarse mesh T H , we compute a generalized finite element space V c of dimension N H N h . The solutions (λ H , u c ) ∈ R × V c of (1.2.H) a(u c , v) = λ H (u c , v) L 2 (Ω) for all v ∈ V c , then yield accurate approximations of the first N H eigenpairs of (1.2.h) and, hence, of the first N H eigenpairs of (1.2) (provided that V h is properly chosen). The computation of the coarse space V c involves the (approximate) solution of N H linear equations on the fine scale (one per coarse node). We emphasize that these linear problems are completely independent of each other. They can be computed in parallel without any communication.
The error λ H − λ h between corresponding eigenvalues of (1.2.H) and (1.2.h), i.e., the error committed by the upscaling from the fine discretization scale h to the coarse discretization scale H, is expressed in terms of H. Without any assumptions on the smoothness of the eigenfunctions of (1.2) or (1.2.h), we prove that these errors are at least of order H 4 . Note that a standard first-order conforming finite element computation on the coarse scale yields accuracy H 2 under full H 2 (Ω) regularity, see e.g. [Lar00] . Since our estimates are both, of high order (at least H 4 ) and independent of the underlying regularity, the accuracy of our approximation may actually suffice to fall below the error λ h − λ of the fine scale discretization which is of order Ch 2s where both the constant C and the exponent s ∈ [0, 1] depend on the regularity of the data (convexity of Ω, differentiability and variability of A) in a crucial way.
The idea of employing a two-level techniques for the acceleration of eigensolvers is not new. The two-grid method of [XZ01] allows certain post-processing (solution of linear problems on the fine scale). For standard first-order conforming finite element coarse spaces, this technique decreases the eigenvalue error from H 2 to H 4 (up to fine scale errors as above) if the corresponding eigenfunctions are H 2 -regular. The regularity assumption is essential and not justified on non-convex domains or for heterogeneous and highly variable coefficients. However, the postprocessing technique applies as well to the generalized finite element coarse space V c and yields eigenvalue errors of order H 6 without any regularity assumptions.
In cases with singular eigenfunctions (due to re-entrant corners in the domain or isolated jumps of the coefficient), one might as well use modern mesh-adaptive algorithms driven by some a posteriori error estimator as proposed and analyzed, e.g., in [Lar00] , [Ney02] , [DPR03] , [CG11] , [GMZ09] , [GG09] , [MM11] , [CG12] , [BGO13] . We are not competing with these efficient algorithms. However, adaptive mesh refinement has its limitations. For instance, if the diffusion coefficient A is highly variable on microscopic scales, the mesh width has to be sufficiently small to resolve these variations [PS12] . For problems in geophysics or material sciences with characteristic geometric features on microscopic length scales, this so-called resolution condition is often so restrictive that the initial mesh must be chosen very fine and further refinement exceeds computer capacity. Our method is especially designed for such situations which require coarsening rather than refinement.
A particular application of our methodology is the computation ground states of Bose-Einstein condensates as solutions of the GrossPitaevskii equation. Here, certain resolution (small h) is required in order to ensure unique solvability of the discrete non-linear eigenvalue problem. It is already exposed in [HMP14b] that our upscaling approach leads to a significant speed-up in computational time because the expensive iterative solver for the non-linear eigenproblem needs to be applied solely on a space of very low dimension.
The main tools in this paper are localizable orthogonal decompositions of H 1 0 (Ω) (or its subspace V h ) into coarse and fine parts. These decompositions are presented in Section 3. The two-level method for the approximation of eigenvalues is presented in Section 4. Section 5 contains its error analysis. The efficient local approximation of the coarse space, the generalization to non-nested grids, a post-processing technique, and further complexity issues are discussed in Section 6. Finally, Section 7 demonstrates the performance of the method in numerical experiments.
In the remaining part of this paper, we will frequently make use of the notation b 1 b 2 which abbreviates b 1 ≤ Cb 2 , with some multiplicative constant C > 0 which only depends on the domain Ω and the parameter γ (cf. (2.1) below) that measures the quality of some underlying finite element mesh. We emphasize that the C does not depend on the mesh sizes H, h, the eigenvalues, or the coefficient A.
Finite Element Spaces and Quasi-Interpolation
This section presents some preliminaries on finite element meshes, spaces, and interpolation.
2.1. Finite element mesh. We consider two discretization scales H > h > 0. Let T H (resp. T h ) denote corresponding regular (in the sense of [Cia87] ) finite element meshes of Ω into closed simplices with mesh-
). The mesh sizes may vary in space but we will not exploit the possible mesh adaptivity in this paper.
The error bounds, typically, depend on the maximal mesh sizes H L ∞ (Ω) . If no confusion seems likely, we will use H also to denote the maximal mesh size instead of writing H L ∞ (Ω) . For the sake of simplicity we assume that T h is derived from T H by some regular, possibly non-uniform, mesh refinement. However, this condition is not essential and Section 6.2 will discuss possible generalizations.
As usual, the error analysis depends on the constant γ > 0 which represents the shape regularity of the finite element mesh T H ; (2.1) γ := max
where B T denotes the largest ball contained in T .
2.2. Finite element spaces. The first-order conforming finite element space corresponding to T H is given by (2.2) V H := {v ∈ V | ∀T ∈ T H , v| T is a polynomial of total degree ≤ 1}.
Let N H denote the set of interior vertices of T H . For every vertex z ∈ N H , let φ z ∈ V H denote the corresponding nodal basis function (tent/hat function) determined by nodal values φ z (z) = 1 and φ z (y) = 0 for all y = z ∈ N H .
These nodal basis functions form a basis of V H . The dimension of V H equals the number of interior vertices,
Let V h ⊃ V H denote some conforming finite element space corresponding to the fine mesh T h . It can be the space of continuous piecewise affine functions on the fine mesh or any other (generalized) finite element space that contains V H , e.g., the space of continuous p-th order piecewise polynomials as in [Sau10] . By N h := dim V h we denote the dimension of V h . For standard choices of V h , this dimension is proportional to the number of interior vertices in the fine mesh T h .
2.3. Quasi-interpolation. The key tool in our construction will be the bounded linear surjective Clément-type (quasi-)interpolation operator
for z ∈ N H . The nodal values are weighted averages of the function over nodal patches ω z := supp φ z . Recall the (local) approximation and stability properties of the interpolation operator I H [CV99] : There exists a generic constant C I H such that for all v ∈ H 1 0 (Ω) and for all T ∈ T H it holds
where ω T := ∪{K ∈ T H | T ∩ K = ∅}. The constant C I H depends on the shape regularity parameter γ of the finite element mesh T H (see (2.1) above) but not on H T .
Note that there exists a constant C ol > 0 that only depends on γ such that the number of elements covered by ω T is uniformly bounded (w.r.t. T ) by C ol , (2.5) max
Both constant, C I H and C ol , may be hidden in the notation " " introduced at the end of the Introduction on page 4.
Two-scale Decompositions
Two-scale decompositions of functions u ∈ V h into some macroscopic/coarse part u c plus some microscopic/fine part u f with a certain orthogonality relation are at the very heart of this paper. The macroscopic or coarse part will be an element of a low-dimensional (classical or generalized) finite element space based on some coarse finite element mesh. The microscopic or fine part may oscillate on fine scales that cannot be represented on the coarse mesh.
We stress that all subsequent results are valid even if h = 0, i.e., if V h is replaced with V = H 1 0 (Ω). Actually, the structure of V h being the space of continuous piecewise polynomials is never exploited. As far as the theory is concerned, V h could be any space (finite or infinite dimensional) that satisfies V H V h ⊆ H 1 0 (Ω). The initial coarse space V H may as well be generalized. This will be discussed in Section 6.2.
L
2 -orthogonal two-scale decomposition. We define the fine scale space
which will take over the role of the microscopic/fine part in all subsequent decompositions.
Our particular choice of a quasi-interpolation operator gives rise to the following orthogonal decomposition.
Lemma 3.1 (L 2 -orthogonal two-scale decomposition). Any function u ∈ V h can be decomposed uniquely into the sum of u H :
The orthogonality implies stability in the sense of
Proof of Lemma 3.1. It is easily verified that the restriction of I H on the finite element space V H is invertible. This yields the decomposition. For the proof of orthogonality, let
and shows that V H and V f are orthogonal subspaces of V h .
We may rewrite Lemma 3.1 as
Remark 3.1 (L 2 -projection onto the finite element space). Note that the operator I H is well-defined as a mapping from L 2 (Ω) onto V H . In particular, it is stable in the sense that for any v ∈ L 2 (Ω), it holds that I H v v . From the arguments of Lemma 3.1 one easily verifies that the
. This does not change the method. For theoretical purposes, we prefer to work with I H because it is a local operator.
3.2. a-orthogonal two-scale decomposition. The orthogonalization of the decomposition (3.2) with respect to the scalar product a(•,
We define the energy norm ||| • ||| := a(•, •) (the norm induced by the scalar product a).
Lemma 3.2 (a-orthogonal two-scale decomposition). Any function u ∈ V h can be decomposed uniquely into u = u c + u f , where
and, hence, stable in the sense of
In other words,
We shall emphasize at this point that the decompositions in Lemma 3.1 and Lemma 3.2 are different in general. In particular, the fine scale part v f may not be the same.
The orthogonalization procedure (with respect to a(•, •)) does not preserve the L 2 -orthogonality. However, the key observation of this section is that the resulting decomposition (3.5) is almost orthogonal in L 2 (Ω).
The decomposition is stable in the sense that
Proof. Given any v c ∈ V c and v f ∈ V f , Lemma 3.1 implies that
Since I H v f = 0, the Cauchy-Schwarz inequality, (2.4), and (2.5) yield
This is the quasi-orthogonality. The same arguments show that
This, Friedrichs' inequality
and (3.4) readily prove the stability estimate.
Upscaled Approximation of Eigenvalues and Eigenfunctions
This section presents a new scheme for the approximation of eigenvalues and eigenfunctions of (1.2.h) or (1.2). Section 4.1 recalls the variational formulation and some characteristic properties of the problem. The new upscaled approximation is then introduced in Section 4.2.
4.1. Variational formulation and fine scale discretization. For problem (1.2), there exists a countable number of eigenvalues λ ( ) ( ∈ N) and corresponding eigenfunctions u ( ) ∈ V . Recall their characterization as solutions of the variational problem
Since A is symmetric, all eigenvalues are real and positive. They can be sorted ascending
Depending on the actual domain Ω and the coefficient A, there may be multiple eigenvalues. A multiple eigenvalue is repeated several times according to its multiplicity in the enumeration above. Let u ( ) ( ∈ N) be normalized to one in L 2 (Ω), i.e., u ( ) = 1. It is well known that the eigenfunctions enjoy (or, in the case of multiple eigenvalues, may be chosen such that they fulfill) the orthogonality contraints
The Rayleigh-Ritz discretization of (4.1) with respect to the fine scale finite element space V h reads: find λ
Since V h is a finite-dimensional subspace of V , we can order the discrete eigenvalues similar as the original ones
Again, multiple eigenvalues are repeated according to their multiplicity. Let u
The discrete eigenfunctions satisfy (or, in the case of multiple eigenvalues, can be chosen such that they satisfy) the orthogonality contraints (4.4) a(u We do not intend to solve the fine scale eigenproblem (4.3). We aim to approximate its eigenpairs (λ
) with the help of the coarse space V c defined in Lemma 3.2.
4.2. Coarse scale discretization. Recall the definition of the coarse space V c := (1 − P f )V H from Lemma 3.2. This means that V c is the image of V H under the projection operator 1 − P f , where P f is the a-orthogonal projection onto the space
Moreover, the images of the nodal basis functions
In order to actually compute those basis functions, we need to ap-
These problems are linear. The only difference to a standard Poisson problem is that there are some linear constraints hidden in the space V f , that is, the quasi-interpolation of trial and test functions vanishes. In practice, these constraints are realized using Lagrange multipliers. The linear problems (4.6) may be solved in parallel. Moreover, Section 6.1 below will show that these linear problems may be restricted to local subdomains of diameter ≈ | log(H)|H centered around the coarse vertex z, so that the complexity of solving all corrector problems exceeds to the cost of solving one linear Poisson problem on the fine mesh only by a factor that depends algebraically on | log(H)|.
The Rayleigh-Ritz discretization of (4.3) (and (4.1)) with respect to the generalized finite element space V c reads: find λ ( )
The assembly of the corresponding finite element stiffness and mass matrices requires only the evaluation of the corrector functions ψ z = P f φ z ∈ V f computed previously. In genereal, these matrices are not sparse. However, either the dimension of the coarse problem N H N h is so small that the lack of sparsity is not an issue or the matrices may be approximated by sparse matrices with negligible loss of accuracy (see Section 6.1 below).
The discrete eigenvalues are ordered (multiple eigenvalues are repeated according to their multiplicity)
The discrete eigenfunctions satisfy (or, in the case of multiple eigenvalues, can be chosen such that they satisfy) the orthogonality contraints
Error analysis
In the subsequent paragraphs we will present error bounds for the approximate eigenvalues and eigenfunctions based on the variational techniques from [SF73] (which are based on [BdBSW66] on their part); see also [Bof10] .
5.1. Two-scale decomposition revisited. The eigenfunctions allow a different (with respect to Section 3) characterization of a macroscopic function, that is, any function spanned by eigenfunctions related to the lowermost eigenvalues. Define
We will have a closer look at the quasi-orthogonality result of Lemma 3.2 given some macroscopic function u ∈ E .
Lemma 5.1 (L 2 -quasi-orthogonality of the a-orthogonal decomposition of macroscopic functions). Let ∈ N and let u = u c + u f ∈ E with u = 1, where u c ∈ V c (resp. u f ∈ V f ) denotes the coarse scale part (resp. fine scale part) of u according to the a-orthogonal decomposition in Lemma 3.2. Then it holds
Lemma 3.1, the Cauchy-Schwarz inequality, (2.4), and (2.5) yield
. The combination of (5.5)-(5.6), |||u
h and δ j ≤ 1 yields the upper bound of |||u f |||.
The inequality (5.4) follows readily from Theorem 3.3 and the bounds (5.2)-(5.3).
Remark 5.1 (Improved L 2 -quasi-orthogonality under regularity). Consider the full space space V h = V . Then, in certain cases, e.g., if Ω is convex and the coefficient A is constant, we have that any macroscopic function u ∈ E is in H 2 (Ω) and ∇ 2 u λ ( ) /α u . Such an instance of regularity gives rise to an additional power of Hλ ( ) /α in the estimates (5.3) and (5.4) in Lemma 5.1. This is due to the approximation property
, and the possible modification
α 2 |||u f ||| of (5.6).
5.2.
Estimates for approximate eigenvalues. We first introduce the Rayleigh quotient, which is defined for non-trivial v ∈ V h by
Recall that the th eigenvalue of (4.3) is characterized via the minmaxprinciple (which goes back to Poincaré [Poi90] )
where S (V ) denotes the set of -dimensional subspaces of V h . This principle applies equally well to the coarse problem (4.7), i.e., (5.9) λ ( )
characterizes the th discrete eigenvalue ( ≤ N H ). The conformity
The following theorem gives an estimate in the opposite direction.
Theorem 5.2 (Bound for the eigenvalue error). Let H be sufficiently small so that H
. Then it holds that
Proof. Recall the definition of E in (5.1) and define
where u c ∈ V c (resp. u f ∈ V f ) denotes the coarse scale part (resp. fine scale part) of u ∈ E according to the a-orthogonal decomposition in Lemma 3.2. The L 2 -norm of u f satisfies the estimate
which follows from Lemma 3.1, (2.4), and (2.5). Hence, Lemma 5.1 shows that
If H is chosen small enough so that σ 
Inserting our estimate for σ ( )
H readily yields the assertion.
The triangle inequality allows to control the approximation error with respect to the continuous eigenvalues (4.1) by
The first term λ ( ) h − λ ( ) depends on the choice of the space V h and the regularity of corresponding eigenfunctions in the usual way. 
This improved bound applies also to the case where V h is a finite element space if h is sufficiently small. The improved bound might still be pessimistic in the sense that the error in the th eigenvalue/vector depends on the regularity of all previous eigenfunctions. The recent theory [KO06] shows that this is not necessarily true. Moreover, there might be smoothness also in the single summands of the two-scale decomposition which is not exploited.
5.3.
Estimates for approximate eigenfunctions. We turn to the error in the approximate eigenfunctions. Again, we follow the receipt provided in [SF73] . , such that for all j = 0, 1, . . . , r − 1,
where ρ := max j ∈{ , +1,..., +r−1}
Proof. The analysis presented in [SF73, Lemma 6.4 and Theorem 6.2] shows that, for any j = 0, 1, . . . , r − 1, there is a functionũ
According to the a-orthogonal decomposition in Lemma 3.2, P f u ( +j) h is the fine scale part of u ( +j) h . Hence, the interpolation error estimate (2.4) and Lemma 5.1 yield
If the right-hand side is small enough, i.e., if the multiplicative constant
h is sufficiently small, the linear transformation of the orthonormal basis u may be replaced with an orthogonal transformation, without any harm to the estimate. In this regime, the application of the inverse orthogonal transformation to the errors proves the L 2 bound (5.14). For the proof of (5.13), observe that for any v ∈ span({u
The assertion then follows by combining equation (5.15) with v = u ( +j) h , (5.14), and Theorem 5.2.
Practical Aspects
This section discusses the efficient approximation of the corrector functions P f φ z from (4.6) by localization, the generalization to nonnested meshes, some post-processing technique, and the overall complexity of our method. 6.1. Localization of fine scale computations. The construction of the coarse space V c is based on the fine scale equations (4.6) which are formulated on the whole domain Ω. This makes them expensive to compute. However, in [MP14] it was shown that P f φ z decays exponentially fast outside of the support of the coarse basis function φ z . We specify this feature as follows. Let k ∈ N. We define nodal patches ω z,k of k coarse grid layers centered around the node z ∈ N H by (6.1)
The result in the decay of P f φ z in [MP14] can be expressed as follows. For all vertices z ∈ N H and for all k ∈ N, it holds
For moderate contrast β/α, this motivates the truncation of the computations of the basis functions to local patches ω z,k . We approximate
We emphasize that
i.e., in a practical computation with lagrangian multipliers only one linear constraint per coarse vertex in the patch ω x,k needs to be considered.
The localized computations yield a modified coarse space V k c with a local basis
The number of non-zero entries of the corresponding finite element stiffness and mass matrix is proportional to k d N H (note that we expect N 2 H non-zero entries without the truncation). Due to the exponential decay, the very weak condition k ≈ | log H| implies that the perturbation of the ideal method due to this truncation is of higher order and the estimates in Theorems 5.2 and 5.3 remain valid. We refer to [MP14] for details and proofs. The modified localization procedures from [HP13] and [HMP14a] with improved accuracy and stability properties might as well be applied.
6.2. Non-nested meshes and general coarsening. In Section 2.1, we have assumed that T h is derived from T H by some regular refinement, i.e., that the finite element meshes T h and T H are nested. This condition may be impracticable in relevant applications, e.g., in cases where the coefficient encodes microscopic geometric features such as jumps that require accurate resolution and the reasonable resolution can only be achieved by highly unstructured meshes (cf. Figure 3 in Section 7.3 below).
A closer look to the previous error analysis shows that the nestedness of the underlying meshes is never used explicitly but enters only implicitly via the nestedness of corresponding spaces V H ⊂ V h . It turns out that all results generalize to the case where the standard finite element space V H on the coarse level is replaced with some general (possibly mesh free) coarse spaceṼ H ⊂ V h with a local basis {φ j } j∈J ; J being some finite index set. Precise necessary conditions for the theory read:
(a) Local support and finite overlap. For all j ∈ J, diam(suppφ j )
H and there is a finite number C ol independent of H such that no point x ∈ Ω belongs to the support of more than C ol basis functions. Under the conditions (a)-(c), the operator I H , defined by
j for v ∈ V , satisfies the required stability and approximation properties. Their proofs may easily be extracted from [CV99] , where a slightly modified operator is considered. For details regarding the generalization of the decompositions and error bounds of this paper to some general coarse space characterized by (a)-(c), we refer to [HMP14a] , where everything (including the exponential decay of the coarse basis and its localization) has been worked out for a linear boundary value problem.
The conditions (a)-(c) are natural conditions for general coarse spaces used in domain decomposition methods and algebraic multigrid methods; see [TW05, Ch. 3 .10] for an overview and [Sar02] for a particular construction without any coarse mesh. A very simple mesh-based construction which remains very close to the standard finite element space V H can be found in [SVZ11, Section 2.2] and works as follows. Given some regular fine mesh T h , consider an arbitrary regular quasi-uniform coarse mesh T H with H > h. Let V h (resp. V H ) be the corresponding finite element space of continuous T h -piecewise (resp. T H -piecewise) affine functions and let I 6.3. Postprocessing. As already mentioned in the introduction, the two-grid method of [XZ01] allows a certain post-processing (solution of linear problems on the fine scale) of coarse eigenpairs. So far, this method was mainly used to post-process approximate eigenpairs of standard finite element approximations on a coarse mesh, i.e., approximations with respect to the space V H . However, the framework presented in [XZ01] is more general and readily applies to the modified coarse space V c . Given some approximate eigenpair (λ 
The error analysis of [XZ01] relies solely on the nestedness V c ⊂ V h and, in essence, yields the error estimates
The first estimate follows from (5.15) which remains valid for u h suitably chosen, Theorem 5.2 and 5.3 imply that the error of the post-processed eigenvalues (resp. post-processed eigenfunctions) is at least of order H 6 (resp. H 4 ). As for all our previous results, the rates do not depend on any regularity of the eigenfunctions. In the third numerical experiment of Section 7 we will also show results for this post-processing technique.
6.4. Complexity. Finally, we shall comment on the overall complexity of our approach. Consider quasi-uniform meshes of size H and h and corresponding conforming first-order finite element spaces V H and V h . We want to approximate the eigenvalues related to V h .
In order to set up the coarse space V c , we need to solve N H linear problems with approximately k d N h /N H degrees of freedom each; the parameter k being the truncation parameter as above. Since almost linear complexity is possible (using, e.g., multilevel preconditioning techniques), the cost for solving one of these problems up to a given accuracy is proportional to the number of degrees of freedom N h /N H up to possible logarithmic factors. This yields an overall complexity of
for setting up the coarse problem. Note that this effort can be reduced drastically either by considering the independence of the linear problems in terms of parallelism or by exploiting a possible periodicity in the problem and the mesh. In the latter case, only very few of the problems have to be computed because all the other ones are equivalent up to translation or rotation of coordinates.
On top of the assembling, an N H -dimensional eigenvalue problem is to be solved. The complexity of this depends only on N H , the number of eigenvalues of interest, and the truncation parameter k but not on the critically large parameter N h .
The cost of the post-processing presented in Section 6.3 is proportional to one fine solve for each eigenpair of interest, i.e., proportional to N h up to some logarithmic factor.
Numerical Experiments
Three numerical experiments shall illustrate our theoretical results. While the first two experiments consider nested coarse and fine meshes, the third experiments uses the generalized coarsening strategy of Section 6.2. In all experiments, we focus on the case without localization. The localization (as discussed in Section 6.1) has been studied extensively for the linear problem in [MP14, HP13, HM14, HMP14a] and for semi-linear problems in [HMP14c] . In the present context of eigenvalue approximation, we are interested in observing the enormous convergence rate which is 4 or higher for the eigenvalues. In order to achieve this rate also with truncation, patches have to be large (at least 4 layers of elements) which pays off only asymptotically when H is small enough. of Ω as depicted in Figure 1 . The reference mesh T h has maximal mesh width h = 2 −7 / √ 2. We consider some P 1 conforming finite element approximation of the eigenvalues on the reference mesh T h and compare these discrete eigenvalues λ ( ) h with coarse scale approximations depending on the coarse mesh size H. Table 1 shows results for the case without truncation, i.e., all linear problems have been solved on the whole of Ω. For fixed , the rate of convergence of the eigenvalue error λ Table 1 is between 6 and 7 which is even better than predicted in Theorem 5.2 and in Remark 5.1. of Ω (cf. Figure 2) . Note that none of these meshes resolves the rough coefficient A 2 appropriately. Hence, (local) regularity cannot be exploited on coarse meshes. Again, the reference mesh T h has width h = 2 −7 / √ 2 and we compare the discrete eigenvalues λ ( ) h (with respect to some P 1 conforming finite element approximation of the eigenvalues on the reference mesh T h ) with coarse scale approximations depending on the coarse mesh size H. Table 2 shows the errors and allows us to estimate the average rate around 4 which matches our expectation from the theory. We emphasize that the large contrast does not seem to affect the accuracy of our method in approximating the eigenvalues λ ( ) h . However, the accuracy of λ ( ) h may be affected by the high contrast and the lack of regularity caused by the coefficient. 7.3. Particle composite modeled by an unstructured mesh. Let Ω := (0, 1) 2 be the unit square. In this experiment, the scalar coefficient A 3 models heat conductivity in some model composite material with randomly dispersed circular inclusions as depicted in Figure 3 . The coefficient A 3 takes the value 100 in the gray shaded inclusions and the value 1 elsewhere. In order to resolve the discontinuities, we simply align the fine mesh T h with the boundaries of the inclusions (see Figure 3) . The mesh size of T h satisfies 2 −9 h 2 −7 . Note that this fine mesh T h is solely based on geometric resolution and shape regularity. The grading towards the inclusions is not adapted to the characteristic behavior of the eigenfunctions. However, this mesh might be the actual output of some commercial mesh generator or modeling tool. Sufficient resolution could be achieved with fewer degrees of freedom, however, this would require more sophisticated discretization spaces; we refer to [CGH10, Pet14, PC13] for possible choices and further references. As in the previous experiment, we consider uniform coarse meshes of size √ 2H = 2 −1 , 2 −2 , . . . , 2 −4 of Ω (cf. Figure 2) . Note that these meshes neither resolves the coefficient A 3 appropriately nor can be refined to T h in a nested way. For the construction of the upscaling approximation we employ the generalized coarse space defined in (6.5) in Section 6.2. We compare the discrete eigenvalues λ ( ) h (with respect to some P 1 conforming finite element approximation of the eigenvalues on the reference mesh T h ) with coarse scale approximations depending on the coarse discretization parameter H. Table 3 shows the results which clearly support our claim that the nestedness of coarse and fine meshes is not essential and that upscaling far beyond the characteristic length scales of the problem (i.e., the radii of the inclusions and their distances) is possible.
For this problem, we have also computed the post-processed approximations according to Section 6.3. Table 4 shows the error for the eigenvalues which are more accurate by several orders of magnitude. The experimental rates are roughly between 5 and 6 in Table 3 without post-processing and around 9 to 10 after post-processing in Table 4 
